A 4-regular matchstick graph is a planar unit-distance graph whose vertices have all degree 4. Examples of 4-regular matchstick graphs are currently known for all number of vertices ≥ 52 except for 53, 55, 56, 58, 59, 61, and 62. In this article we present 32 different examples with 51 -62 vertices which contain two, three, or four distances which differ slightly from the unit length. These graphs should show why this subject is so extraordinarily difficult to deal with and should also be an incentive for the interested reader to find solutions for the missing numbers of vertices.
Introduction
A matchstick graph is a planar unit-distance graph. That is a graph drawn with straight edges in the plane such that the edges have unit length, whereby non-adjacent edges do not intersect. We call a matchstick graph 4-regular if every vertex has only degree 4.
Examples of 4-regular matchstick graphs are currently known for all number of vertices ≥ 52 except for 53, 55, 56, 58, 59, 61, and 62. For 52, 54, 57, 60, and 64 vertices only one example is known. For a proof we refer the reader to [5] . An overview of the currently known examples with 63 -70 vertices can be found in [3] . The currently smallest known example with 52 vertices is the so-called Harborth Graph presented first by Heiko Harborth in 1986 [1] .
In this article we present 32 different examples of 4-regular rigid planar graphs for all number of vertices ≥ 51 and ≤ 62. These graphs are not matchstick graphs, because each graph contains at least two edges which differ slightly from the unit length. These deviations are between 0.00058 and 0.34340. The edges which do not have unit length are colored red.
The geometry of the graphs has been verified with the software MATCHSTICK GRAPHS CALCU-LATOR (MGC) [2] . This remarkable software created by Stefan Vogel runs directly in web browsers 1 . A special version of the MGC contains all graphs from this article and is available on the author's website 2 . The graphs were constructed and first presented by the author between March 21, 2014 and May 27, 2019 in a graph theory internet forum [6] [7] . 3 The first example consisting of 51 or less vertices or a proof that such examples cannot exist will be honored by the author with 10000 US-Dollar (see Chapter 5).
Construction rules and Epsilon graphs
To get a kind of fair approximate solutions we constructed the graphs by using the following rules.
• The graph must be rigid.
• Equilateral triangles and rhombuses which contain outside vertices may not contain forbidden distances.
• The graph may not contain more than four forbidden distances.
• Whenever possible the forbidden distances may not deviate more than 10 percent from the unit length.
The exceptions from the last construction rule apply to the number of vertices for which only one approximate example currently have been found or graphs that we do not want to deprive the interested reader.
Note that much better approximate solutions are possible if we would ignore the second and/or the third construction rule. The deviation from the unit length of an edge with a forbidden distance becomes smaller the closer these edge is to the outer circle of the graph, or if we distributing the deviation on all edges of the graph.
Without the first three construction rules it is possible to construct flexible graphs whose forbidden distances can be infinitesimally approximated to the unit length. These kind of graphs we will denote as Epsilon graphs. Figure 1 and 2 show the smallest possible example with a minimum number of vertices. These Epsilon graph has 27 vertices, a rotational symmetry of order 3, and contains 6 forbidden distances of equal length. 3 Examples of 4-regular planar graphs with 51 -62 vertices that look like matchstick graphs Table 2 We are interested in all new solutions on 4-regular matchstick graphs. If you find a new graph, a better approximate solution for an already existing graph, or a proof please submit it to the author's institutional E-Mail address or website contact.
In an effort to make progress on this marvelous, interesting topic and its unsolved problems, the first example of a 4-regular matchstick graph consisting of 51 or less vertices or a proof that such examples cannot exist will be honored with 10000 US-Dollar. The result must be published in a reliable mathematical journal. The price money will be paid to the author after the article is published. If there are several authors, the prize money is divided. Each author will receive an equal share.
More information on www.mikematics.de
How to find minimal 4-regular matchstick graphs
Here we give a brief instruction for the interested reader how minimal 4-regular matchstick graphs could be found.
• Take a close look at all graphs found so far [3] . Study the design from the outer circle to the center. Identify rigid and flexible subgraphs (triangles, rhombuses, etc.).
• First construct the frame of the graph using only equilateral triangles. Then built bigger rigid subgraphs of 1, 3, 5, or 7 triangles (see Figure 35 ). Construct the graph from outside to inside. It is always helpful using a mirror or point symmetry for the frame. Asymmetric graphs are the most difficult types to handle. Figure 37 : The frame of an asymmetric 4-regular matchstick graph
• Use the free software MATCHSTICK GRAPHS CALCULATOR (MGC) [2] available on the author's website. The MGC contains a brief description of the construction language and a manual for using the function buttons.
• Use a CAD software. All graphs from this article and many others graphs are included into the MGC and can be downloaded as DXF, SVG, and some other files.
• Experiment with already existing graphs. Use subgraphs for creating new graphs.
• Do not use matchsticks. Even they give the name of such graphs, matchsticks are the worst possible method to construct such graphs. They are simply too inaccurate.
• Better use flexi filing strip fasteners. Some of the author's graphs have been found with this kind of model. Pictures can be found in [7] .
• Be creative and develop new methods. Perhaps automated methods using artificial intelligence are the key to success.
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